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Abstract: This paper introduces two algorithms of the phase retrieval

Gerchberg-Saxton algorithm and gradient

search algorithm. We respectively get the objective function of gradient search algorithm about the generalized pupil,

wave-front and the Zernike coefficients of the partial derivatives when multi-frame images and their defocus are used

as the inputs. The relationship between GS algorithm and the gradient search algorithm is revealed. Simulation experi-

ments are carried out with GS algorithm and gradient search algorithm when single and multiple images are used as in-

puts. The experiment results show that the gradient search algorithm is superior to GS algorithm for single image input.

Both GS algorithm and gradient search algorithm can work out wave-front for multi-frame images with different defocus

as the input,but the convergence speed of gradient search algorithm is evidently better than GS algorithm.

Key words: phase retrieval ; GS algorithm; gradient search algorithm ; object-domain ; Fourier-domain

1 51 &

FARIR A (phase retrieval , PR) £ AR F 47 14
RESRER, X B i A E A T 5 15 2l
H THDC SR BE 3 A1 o R SEAR B A S DG
SIS LSRRV AR 1) 37 580 R AT EE A, L R
2t/ N AHEN 3 5 1A Qi R R B B AT 5 H L
SRECE AR L2000 AR S O 2oy — MR
BTG, % Bl T AR A Sk AR S
SR BT RS T A P . T
ST R, A TR %A R
BB LT A, HAS D) Z ARSI T4
S5 WA R AL AR IS S T R B G AR A A5 A0 I
o O AR ALK S SR T STt A O
1% 1) A2 3% AR ( Gerchberg-Saxton, GS 595) . B

el iy Gerchberg 25 15 1972 4E4R PRI T IR
SR P B R W AR 4 T A% R Y
(SRR S B ARAS 2 )32 i P, e ™
X LR ZE Rt R R e 4
ASCAY T GS B FIR B 1 R T T 2
BRI N 2 U BEUSRAE iy A 05 S, 45 R
S T BRI G A Sy iy B, B o 98 2% v B A
GS Bivh ; 0 T 2 WA ] 5 £ 4 69 RS AT oty AT,

ES£TB: %K 8637 i H A WF5T & iR T H (No.
2009 AA8080603) 7 [ .

EEE N BEE (1987 - ), &, WL B AL, FEMNF PRI
2, B R Bk DA Rk A B0 55 T A AF 5T 0 E-mail : maxinxuezui-
bang@ 163. com

Wi B EA:2011-06-01;f&{T B #A:2011-07-21



218 WOt 5 ¢ sb

A2

GS TR B 48 2R S TR HR RE AR d- b g 53 1 i, (1
Toh BEAS R B WSGE B A T GS BBk
2 PREZXFIE

AR (PR) 2R GE 2K W06 s IR I AE Y F
HE R HbR, 7e48 0 S AR FoREEIER, ARG FIR
SR ENG MG T g 14 5 £ o L AT DB i /)N
HIEMRIX = QR R A R GR 2=
— PP T S AT RN AR . PR R S0 10 SE AR ) A 1AL 4
B 1 s
ﬁ-})\:"ﬁ%f(x) ; %ﬁzﬁ

) Eﬁ b
CCD
S z sl 5
R oo
B F ()

K1 PR EE
Fig. 1 schematic of optical path of PR

B — NG R G WY fLIE R D, R
R Z BRI LA R AL B RO 29 R R £
N fCe) [ e SRy — > ol i R A I AR
A, TS, B R SOGHE pREUE :

fx) = [f(x) lexp[in(x) ] (1)
Hob g AU E TR A () = S Z,
(%) o HAPSE o, FRE n WMWK REGZ, Fom
55 n W JE e 20 UL o

PR RGO, ) LIGHE f(x) 75 55 £
i8R & M- T i ik b B R F(w)

F(u) = [F(u) [exp[ig(u) ]

=7 f(w)exp[e(x,8) 1] (2)

Horp o EOGREARAR s u BRI AR T u HRJE
i m by o] U TP O ERAS 5s i Zays ae  E EA
Al 7l TR B A 6 (x,8) FORTENLE
x PSR O P A D TR AR

XFF—A PR R4, A (1) g [Ax) [ETH
IR 2 R G0 S5 25, X I TG i K/ 5
JEAR | F(w) St CCD SRR &% ; CCD e
PrE B R 6. F PR JEFT IR ATHR I 0 B 0 5t
i DL E e AR AR R p(x) o FTRAFRAT]
PR ] AR R AL R o B () |, 8,
[Fy(w) I?,8,, [Fy(uw) |2, -, 8y, [Fy(u) [?, Hrh
() |2 24 o ek %k, BE B B 18 6,,6,, -+, 8, Ab
KW E AL 58 TF (w) P, [Fy(u) 2, -,
| Fy () [P SROGHE (0 3 RS 7

TFTHA SCR Hl IR GS B3k A A B 8 2 O vk X
PR [R]8SK i o

3 GS &%
GS Bk LUy 4 ks Oni ’(bm,kﬁj\%ljﬂg%
m WS UG EARES b RIEXE fom, F o WA T, g,
ANE k GER I & A g, 0 f YIS AT, BD
g (%) =3 g, (x) . GS FIEMBHIT
(a)¥hHfl:k =050,, =0,e,(x) =&(x,8,) =
7w, || x| *

IV &%) = [f(x) | ,me [1,M] (3)

(b)G, ,(u) =16, (u) lexplid, ,(u)]
=7 {g.(x)explie, (x) ]},

mell,M] (4)
(e)G,,/(u) =|[F(u) lexp[ig, ,(u)],
me|[l,M] (5)

(d>gm,k’<x) = |gm,k,(x> |exp[i6m,k,(x)]
=706, (w) Jexpl -&,(x) ],
me[1,M] (6)
(e)gm,kﬂ(%) = |f(x) |exp[i0m,k+1(x”
= (%) lexp[if, ,"(x) ],
me[1,M] (7)

(D& (6) =1 3 g0 (2) (8)

() ~ (f), BENR W A1, B 44 AT LA
SRR AU B BRI, -t AT RS2 AR eR 80T B 21 45

FEH
HARERECH -
M
B, =E2Fk =N_2m2=41 ; ‘Gm,k<u‘) _Gm,k,(u> ‘2

(9)
Horp, N o RER B R I TE L, GO IE T T
. MRAEAK ) XS, 6, (u) 56, (u)
AR A AR, B LA SX(9) SCRT ALy -

Bo=Ey=N"3 T[16,, ()|~ |F(u)|]?

(10)
GS JIEREA AN AL 2 FroR . IR 2 iy
i 34, GSTLIE AT AR FIAE [ F [0 [ 12 € 0 iy ] 752

g ——n

> G=IGle*

T F[] l
SATISFY SATISFY
FUNCTION FOURIER
CONSTRAIN CONSTRAIN
TS TS
g < Fi[1[* G'=IFle*

® 2 Gerchberg-Saxton 5.3 5 [&]
Fig.2  block diagram of the Gerchberg-Saxton algorithm



Bt 5 40 4h No.2 2012

ETE MK EARTE MRS 219

W, WS TS 5 FB iR GS Sk S M Rk
[5G R B AT LAIGE , GS FvA 52 bR J& 06 F H bR i 4k
K (10) A A= e 75 1) T B, BT LA GS B2 i
SiGO
4 HERERER

ofs 9 2R A R A DR AR P B T L) 3 — b
W e BRN HBCERAE i, A (10) 1
B, N BAReREL, I B, 19T A R A 1 5
B ARS B Rk rh, e 2Rk AS B, /N
X L () 6 AF SR %ot I8 FT R AR (A 11

o7 oA 4 2 AR o T L 1 el 2 IR A A A E b
BRI R 58 S 1) 480, T T R AT TR AR
i g(x),0(x) XA (1) Y a, A (10) i3
(RERITES

ﬁ%ﬁﬁUg()ﬁ*ﬂ SR T AR, B X
g(x) KAz, B) B, 43 5%t g () S5 0, M g(x)

RS 0,
dB,

(?gmlBk dg.. ]k( >_2N z Z[|G k(u)|
|F(u) H 5gmal,k(x)

0 p=_B 5 g 6w

Zimag /f_agimﬂg’k(x) = s(u) | =
|F(u)|] agimag,k(-x) (11)
Hrpr

‘9Gm,k(u)

agreal,k<x) z?g lh( )ng(y>exp[13 (x)}

exp[ —i2muy/N] =explie, (x) Jexp] —i2mux/N]

aGm,k<u> J .
agimag,k(x> = agimz)g,k(x> ;gk(}’)exp[ lé‘m(x) :I

exp[ —i2muy/N] =iexp[ie, (x) Jexp[ —i2mux/N]

(12)
a6, (w) | allG,, (w1
agrea],k(x) - agrea],k(x)
IO
_Z‘G k(”)' 08 e 11,( )
G(u)exp[ -ig, (x) +12mux/N ]
Z‘G(u) | +c.c.
a‘Gm,k(u) ‘ _5[ |Gm,k( )2 Hl/z
&gimag,k(x) - agimag,k(‘x)
L denr
2 ‘ Gm,k(u) | 0gimag,k<x)
—iG(u)exp[ —ig, (x) +i2mux/N]
= +c. c.

216(u) |
(13)

P, AR (11) 22 A«

3hmBk=Nh:§1§[(%j(u)-—‘F(u)‘GmJ(u)/

—iG(u)exp[-ie,, (x)+12mux/N]
2[6G(u) |

Gy Bi= N 516, ()~ [F(u) 6, (w)/

—iG(u)exp[-ie, (x)+ 2mux/N]
216(u) |

‘Gm,k(u) |] =

+c. c.

+c. c.

‘Gm,k(u) |] =

(14)
ot . e, ARFERTH2 H S S8

FIASR(S) RE XL G, ()

G, (W) = [ F(u) [6,() /16, (w) | (15)

K (14) A ERR N

3, By = 2Real 31,4 () ~ g, (x) ]

0,0, B =2Imag Y [ g, (x) ~g,, ()] (16)

P IE L) 0(x) 4k KV R . ot
(10) 7 B, % 6(x) Bl SHON

B,

B, = =2N7?%.
90 aek(x)

£ TG, (0] - [ st
(17)
SESRF
GEZZZii) = aek( y ) fep [i6()] -
explig, (x)] exp [-2muy/N] = ig, (x)
explie, (x)lexp[ —i2mux/N] (18)
YRR
G‘Gm,k(u) | _
90, (x)
G, (u)(=1)g; (x)exp[~ie, (x) Jexp[ i2mux/N] +c. c.
216, ,(u) |
(19)
FrLAA

9,8, = %igm,k* (%) [gm,k,(x> _gm,k<x)] +c.c
=-2Imag¥ (g, (x)g,, (x)]
=-2[f(x) |2 lg, ' (x) [sin[8, ' (x) -6, ,(x)]

(20)

WG RNTZ LI E 7 R B o (x) AR FAR &
FR 5. a0 (10) 15 B, X a(x) AR S:

B, 9B 90,(x)

da, -4 90, (x) aan,k(x) e
Horpr
008 e @)

aan,k aan,k



220 O RS AN A2

Fr X (20) At (22) FRA(21) F¢-:

aa”Bk = _2§4§. |f(x) | \gm,k'(x) ‘ :
sin[0,,," (x) =6, (x)1Z, (x) (23)
5 CSHEMBENREENXR

GS A5 T AN (10) S H b ok 8000 7 i i i
DT R R, O T ) R A, AT M =1, 5K
(16) AT/~ A

9,B=2[g(x) -g'(x)] (24)

WA K AEH B MR B REBURIT IS
TiHE -

B=B,+30,B,[g(x) ~g(x)] (25)

Y g(x) =g" (x) N B JBIFI E TN E

g (x) —g,(x) = _BkagBk/;<agBk)2 (26)

Al ;(agBk)z :4;[&(}’) _gk,(D’)]z =4B,
(26) 20 -

g (x) —g,(x) = - (1/4)4,B,

=(172) [ g, (x) - g, (x)] (27)

FIrEL, GS 3EAR S T LA B F AR eR ) A 5 87 1]
TR, B R (172) [/ () —gi(2) 1o AT L
%68 ) —A H AR BCAT, 78 PR P35 GS 5
TERIRR BEAR Rk TR AU, GS S0k r Wi S0
JEE 2 s PR TR 1 2R, (AR A i a5 U A
i GS Bk M Sa 2 W e e TR R L, X
S M DA TR R A e [ — A Tl 23 53] i 24 i i 7
[ T L AL AR B 1 I BRI 22— B
6 FEXKERSHHN
PFEAPDEF RES RO fEI T 895 mm, 1142
50 mm, FOWEI AL PN 532 nmo R —A
RMS =0. 6188,PV =5.5712 ) B ET o, WA 3
(a) F7R s 0 @ B3 — 4> R 2 PR RS BIOA i L
SR -, w ], 148 o BAAZESEIE AN 3 (b)
s o ISR AL E AL MBS 55 ) 1 mm AR R AR

O

(a) (b)
Pl 3 ABEAL R 10T 3 AT S 5 T

Fig.3 the simulative wavefront of focus and defocus
6.1 GS K i by 5 i Fn 7 it
O3 90 FHR SRR 1 BT P INT LR AR GS B3k
L 3R 1000 YA, B MU R A 5 2 2R
4(a) Fron , BT A S AE A AN 4 (b) B 7R

(a) PRl (b) Wi
K4 GSHALMIRALS
Fig.4 the results of GS algorithm
F 0 EL ST ] DAHIGE , %k H A I i ) i AR 45
KB, GS G335 FHERITR A R 1) ERAE Ay i AARME
S HARBEHT 0 P IR A A RE 8515 3 AT
O
6.2 B JE I8 R 5k 0 B A 7 ot
53 ) FH SR B SR 1) BT 55 PR it RS AR AR B4 R
B, BT T A R 2 SR A 5 (a) R, T

AR5 RN IET S (b) PR o
—

(b) Hit

(a) Hfiy
BIS  BREEL RTINS gh

ng r&—] 1%0 Fig.5 the results of gradient search algorithm
10° = frmms 10°  memee
________ . - GSEME 10° e N T
................... BEEREE - .
10 - L .
i i ;% """"""" 5.
8 10 g 10-%0 8 w»
f- e 7
—30
10 o T 10 [ e R
L N - B ERE S Lo RERRAY
0 200 400 600 80O 1000 107 o TR 200 0 50 100 150 200 250 300 350
EARIEL AR EL HARIEL
(a) i (b) Wit () Pt

K6 SIGHE BT

Fig.6 the comparison of convergence speed



Bt 5 40 4h No.2 2012

ETE MK EARTE MRS 221

EAERE G Y EET ) RMS 5 0. 6188, PV
5.5712, BRI EHARERT— 20, 7T LA AR LI R
SRV R T ERLTRTT A oI5 7 e B N R BEAS: BB b
RCR . BB EEH R B AR DL FRINGA 2 LU/
MR ERLE GS Bk BYRUR AT
6.3 T F#Z ML

] 6 S B 48 R 1k GS B30k AT il | Y
T Pl ot [ PR S A 38 14 s e KR ) % S
A EOE IR B 2R

MK 6 7l LIE Y AR R LR ik At B, GS
I A P A P A8 R A P (BT S T AR AR
OB R AL T R B R I GS BT
R FETRAG 22 o SR b s A 2 48 R B v 1) 2 it
el T T 5 AR FE 00 T AR 1) LU A SR
— B, EEF R A S R AT BT GS TRE AL
JE R Z BRSNS
T % it

ASCIRTE T AR S FOR T, J X GS 5%
LSRR BRI T A LA, g T ]
TR ZWORAE I EHR AT TR Y B fE VR GS
SR RIIASR 45 2R 0 1 i AT T B 1) SR e ok
P I HES 7RO AR R B HAR RO T SOBHE |
Wit S e ve B0 Im S 4. #a7n 1 GS ik 54k
JEHRAEZ B E R, NN EIR EorHr TGS
SRR A W S i B AR TR A R AR
ARSI ] GS SR A B R L BT T R
22 BB AE ot A 45 LS 0, S0 25 2R R
Xof TSR G A Ay i B, 6 B4 R A ] A T
GS Bk X T 22 WA [) B A6 o 1 UG AE g Sy AR
GS BB AR R B AR REAR G iy e 5 e DBy, L
FEEEH R AL M ISR B AL T GS Bk, A
PSS, TEA IS W AR, FoAT LR 5 A SE B ot %
SCH, AT PRSI 5 T W AHEAT HL Y 52
By A AT /N XS A A 22 5% ( phase diversity )
HIRF 5T 3l ") 3 4F PDPR ( phase-diversity phase
retrieval ) R4 I,

S 3k :

[1] Gerchberg R W,Saxton W O. A practical algorithm for the
determination of phase from image and diffraction phase
pictures [ J]. Optic,1972,35(2) ;237 - 246.

[2] Fienup J R. Phase retrieval algorithms:a comparison [ J].
Appl Opt,1982,21(15) ;2758 —2769.

(3]

(4]

(5]

[6]

[7]

(8]

(9]

[10]

(11]

[12]

Zeng Fa,Tan Qiaofeng, Wei Xiaofeng, et al. A phase re-
trieval algorithm for complex optical field[ J]. Chinese J.
Lasers,2006,33(3) :339 —342. (in Chinese)

W, RN G BRI 5. — b R] X B2 2 06 1 AT A
PR FIELT]. P IEHOE,2006,33(3) 339 -342.
Yu Bin, Peng Xiang, Tian Jindong, et al. Phase retrieval
for in-line hard x-ray phase-contrast imaging with the
yang-gu algorithm [ C ]//Proc. of SPIE, 2006, 6026 .
60260Z. 1 —60260Z. 6.

J N Cederquist,J R Fienup,C C Wackerman,et al. Wave-
front phase estimation from fourier intensity measurements
[J].J. Opt. Soc. Am. A,1989,6:1020 - 1026.

Yu Bin, Peng Xiang, Tian Jindong, et al. Phase retrieval
for hard X-ray in-line phase contrast imaging[J]. Acta
Physica Sinica,2005,54(5) :2034 —2037. (in Chinese)
Tk, AR, A B X A [ A AR o AR 9 AR
ARE[T]. WyFR2E4,2005,54(5) :2034 —2037.

Dean Brujce H, Aronstein David L, Smith J Scott, et al.
Phase retrieval algorithm for JWST flight and tested tele-
scope| C]//Proc. of SPIE,2006,6 2651 —17.

G Hislop,G C James, A Hellicar. Phase retrieval of scat-
tered fields[ J]. IEEE Trans. Antennas Propag,2007,55:
2332 -2341.

Wu Y H,Wang B,Zhao J Y, et al. Restoration of broad-
band white light image using phase diversity technique
[J]. Optics and Precision Engineering, 2010, 18 (8) ;
1849 - 1854. (in Chinese)

FRILR, T, BT, 55 P AR AL 22 S BRI 5
FOGIEME [T]. Db % Ki % T2, 2010, 18 (8) : 1849 -
1854.

Wang J L,Wang Z Y, Wang B, et al. Imagerestoration by
phase-diversity speckle [ J]. Optics and Precision Engi-
neering,2011,19(5) ;1165 — 1170. (in Chinese)

TS TSR, K, A5 A 28 S HORE s R R
AR b K TR 2011,19(5) ;1165 - 1170.
Wang B,Wang Z Y, et al. Image restoration by phase-di-
verse speckle [ J]. Optics and Precision Engineering,
2011,19(6) :1384 - 1390. (in Chinese)

T, VRS, 5. SURIHILAE (3 22 5 ORI AR [T ]
Y6 K% TR ,2011,19(6) :1384 —1390.

Wang B, Chen Z F, Wang Z Y, et al. Improvement of
phase diversity object function’s parallelity [ J]. Optics
and Precision Engineering. (in Chinese)

T, B 05 TR B S R AL 28 S i H B R B O
Frfedtis[ J]. ot K% LR (BN m b LR
AR LA)



